Abstract. We derive a convenient model for broad aperture micro-lasers, such as microchip lasers, broad area semiconductor lasers, or VCSELs, taking into account several longitudinal mode families. We provide linear stability analysis, and show characteristic spatio-temporal dynamics in such multi-longitudinal mode laser models. Moreover, we derive the coupled mode model in the presence of intracavity refraction index modulation (intracavity photonic crystal).
Introduction
Transverse pattern formation in broad area lasers and laser like systems (nonlinear resonators) gained a huge popularity since late 80s and early 90s (see the pioneering works [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , as well as more recent reviews [14, 15] ). The numerical studies in the most of "laser pattern forming" studies were performed on the basis on the single-longitudinal mode family Maxwell-Bloch Equations (MBE):
Here the complex-valued fields E(r ⊥ , t) and P (r ⊥ , t) are the envelopes of the electromagnetic (optical) field and material polarization, defined in space r ⊥ = (x, y) perpendicular to the optical axis of the laser, and evolving in time t. D(r ⊥ , t) is the real-valued distributions of the population inversion which, in the absence of the field in the resonator, equals to the pump distribution D 0 (r ⊥ ). γ ⊥ and γ are the decay rates of the polarization and population inversion respectively normalized to photon decay rate. ω 0 is the resonator detuning (the resonator resonance frequency with respect to the center of the gain line) normalized to the photon decay rate as well. The time is normalized to photon lifetime τ = Lf/c, L is the full (roundtrip) length of the resonator, and f is the cavity finesse. V (r ⊥ ) is the "trap potential" for the light due to the curved (parabolic)
Contribution to the Topical Issue "Theory and Applications of the Lugiato-Lefever Equation", edited by Yanne K. Chembo, Damia Gomila, Mustapha Tlidi, Curtis R. Menyuk. a e-mail: kestutis.staliunas@icrea.cat cavity mirrors, or in case of planar cavity micro-laser, due to thermal lensing, V (r ⊥ ) = βD 0 (r ⊥ ). d is the diffraction constant which can be expressed through the parameters of the resonator: d = Lλf /(4π). The system (1) is the most basic one: in real situations it includes extra ingredients. For instance for semiconductor laser (1) contains a frequency shift of polarization depending on the inversion (the linewidth enhancement factor α H ) [16, 17] . The (1) can be supplemented by intracavity saturable absorption, or by intracavity Kerr media, depending on the situation [18] [19] [20] .
Another widespread model is the Lugiato-Lefever model [2] , which could be derived from the MBE (1) in a "passive limit" D 0 (r ⊥ ) → 0, including linewidth enhancement factor α H , and adding an external drive. The Lugiato-Lefever model is also used to describe a variety of dynamical phenomenon, like spatial soliton formation [21, 22] , formation of extended passive patterns [6] [7] [8] , spatial "rocking" [23] , and many others, which is also a single-longitudinal-mode model. Multi-longitudinal-mode models presented below in this article are applicable to Lugiato-Lefever model as well.
The electromagnetic part of the MBE, the (1a), is derived from the field equation:
where c = (ε 0 μ 0 ) −1/2 is the speed of light. To derive (1) the field E(r, t) and the material polarization P (r, t) is expressed in terms of slowly varying envelopes in transverse space: E(r, t) = exp(iω 0 t) exp(2πimz/L)E(r ⊥ , t) + c.c., and the limit of fast carrier oscillations is considered: ω 0 |E| |∂E/∂t|, ω 0 |P | |∂P /∂t|, k 0 |E| |∇E| to eliminate the space-time derivatives except for those of lowest (dominating) order. The transverse coordinate r ⊥ spans the two-dimensional space transverse to the optical axis (the diffraction term is id∇ and the longitudinal dependence of the fields is not taken into account. Therefore the (1) describes the lasers with single-longitudinal mode family, i.e. the two-dimensional field distributions slowly evolving in time.
The single longitudinal-mode MBE (1), although thousands of times used in literature, is, strictly speaking, not applicable for simulations of real lasers. A single exception is perhaps the Vertical Cavity Surface Emitting Laser (VCSELS), where the cavity is so short (of the order of single wavelength), that only one longitudinal mode family exists. The modifications of the model (1) were successfully applied for a study of various cavity-soliton formation regimes in VCSELS [16, 17] . However for the other types of lasers, even for the micro-lasers, like the microchips or broad area semiconductor diodes (edge emitting lasers), where the resonator length is typically of order of millimeter, the resonator supports thousands of longitudinal mode families, and the MBE model (1) is not applicable in a strict sense. On the other extreme, the fiber lasers, typically of meter-and kilometer length resonators (see e.g. revue [24] ), is completely out of the scope of applicability of the single-longitudinal-mode MBE models (1).
Sometimes it is erroneously assumed that a very narrow gain line (small values of γ ⊥ ) can justify the validity of the single longitudinal mode model (1) . For instance if the gain line is narrower than the free spectral range (the frequency separation of the longitudinal modes), γ ⊥ Δω ⊥ , which for instance is the case in typical gas-lasers, then the single longitudinal mode approach is considered legitimate. This is correct only for the case of also single, or very few, transverse modes (for instance if the higher order transverse modes are suppressed by the aperture in the resonator), however it is incorrect for the broad-aperture lasers. Figure 1 illustrates the situation. Each longitudinal mode family contains many transverse modes (which degenerates into a continuum of modes in in the case of infinitely broad aperture), and the longitudinal mode families overlap in frequency domain. I.e., as follows from the The situation illustrated in Figure 1 is typical for many micro-lasers. Therefore for a correct description of the field dynamics in such lasers, the single mode MBE model (1) is to be revisited.
One possibility to solve the problem is the use more complete models, where the field propagation along the resonator is explicitly considered. Technically the time evolution operator in (1a) is to be substituted by ∂/∂t → ∂/∂t ± c∂/∂z for the forward-backward propagating field components, and the boundary conditions are to be considered to link the forward-backward fields on the cavity mirrors. The round-trip model showed itself to be successful to simulate the fields in broad area edge-emitting micro-lasers [25, 26] , where only one transverse coordinate (and of course longitudinal coordinate) is relevant. However for the fully 3D lasers, like for instance microchip lasers, where one should consider the field distributions in both transverse directions, the full MBE simulations are hardly possible (with some small exceptions, for instance [27] for the passive nonlinear optical systems). Moreover, the round-trip models, because of their structural complexity, do not allow analytical insights on the pattern formation.
Another approach is based on the introduction of field delays in the right side of MBE (1a) which in principle allows multi-longitudinal mode treatment [28, 29] , however is also not very convenient from the viewpoint of numerical simulations, nor for the analytical insights.
Here we propose a relatively simple modification of MBE (1) for the multi-longitudinal mode lasers, such as microchips, extending it into the case of several longitudinal mode families. The model could be extremely useful for the lasers with spatially modulated cavities, i.e. for the cavities containing inside the photonic crystals [30, 31] , which up to now were simulated using complicated and time consuming models.
Multi-longitudinal mode MBE
We expand the electromagnetic field into set of longitudinal mode families:
the complex envelopes of each field component depend only on transverse coordinates r ⊥ = (x, y), but no more on the longitudinal coordinate. Generally, one could expand the polarization P (r, t) and the population inversion D(r, t) as well, in analogous way as (3), which at the end results in a coupled equation system for each longitudinal mode component (see for instance [1] ). This however does not reduce the complexity of the problem: instead of explicit dependence of the fields on z-coordinate one has just their expansions in Fourier series. However, for the case of typical microchip lasers the amplifying media is a thin slice, significantly thinner than the length of the resonator, the material fields (polarization, population inversion) can be considered as two-dimensional functions within this slice. Under the latest assumption, the MBE can be written in a relative simple way: The rest of the article is devoted to the study of (4) for the case of several longitudinal mode families. In some situations, the dynamics of multi-longitudinal-mode case does not lead to principal differences from single longitudinal mode dynamics (where only the nearest-to-axis transverse modes are considered), in particular in cases when the radiation on other longitudinal mode families is suppressed, however in some cases the multimode effects are important. The multi-longitudinal mode effects are especially important in case of intracavity scattering between different mode families, due to for instance intracavity photonic crystal, or the intracavity diffraction grating [30, 31] . The latter situation is shortly considered in the concluding part of the article.
Important simplifications
In many relevant cases the (4) allows convenient simplifications. One important class of the lasers is when the polarization is fast compared with the relaxation of the optical field, and population inversion: γ ⊥ 1, γ || . For instance semiconductor lasers fell into that class. In this case polarization can be adiabatically eliminated from (4b), ∂P ∂t = −γ ⊥ [P + ED], leading to:
Here as above,
t).
Another important limit is the class-A laser, when the relaxation of population inversion is also fast, γ ⊥ , γ || 1. Then (4) and (5) further reduces to: 
which is an analog of the Complex Ginzburg-Landau Equation (CGLE) derived for a single longitudinal mode laser [4, 6, 9, 10] . Here (7) Note, that the multi-longitudinal mode CGLE (7) in the passive cavity limit D 0 → 0, with additional injection term, could be called by multi-longitudinal mode LugiatoLefever model.
Linear stability analysis
We consider the zero solution of (4a), (4b): E m = 0, P = 0, D = D 0 (the point of the switching-on of a laser), and perturb it by the modes of spatial modulation: E m = e m exp(ikx), P = p exp (ikx), e m , p 1. The evolution matrix for the perturbation modes in (4) reads:
which is a matrix of rank (N + 1) for the N longitudinal mode families. Note that the (4c) decouples from the rest of (4), and the corresponding variable does not appear in (8), i.e. the rank is not (N +2). The perturbation column vector is (p, e 1 , e 2 , . . . , e n ) T . Calculation of the eigenvalues of (8) leads to the following implicit expression:
The eigenvalues can be calculated numerically solving the (9), which leads directly to the multiple instability areas (see Fig. 2 ), which are compatible with the initial intuition, illustrated in Figure 1 .
Numerics
First, we simulated an idealized case of infinitely large aspect ratio laser without flat cavity mirrors, and with homogeneous pump profile. The radiation then fills the complete transverse space. Technically, it is convenient to use periodic boundary conditions in the lateral direction, which naturally occur due to discrete Fourier space in split-step method used. Such numerical simulations first at all reproduce the multiple instability areas, following from the linear stability analysis. We simulate the 2D case, and the collection of results is presented in Figure 3 . In particular, the multiple rings are visible in the far fields in Figure 3 , where we show the snapshots of far field in a transient stage for the amplifying noise above the generation threshold.
Most frequently the final nonlinear patterns (the pump above the threshold, after the transients) show nothing spectacular with respect from single-longitudinal-mode model. Depending on the situation (the pump level, relaxation rates), one eventually obtains tilted wave patterns, with the tilt angle depending on the detuning [10] , or square vortex lattices [32, 33] . If in single longitudinal mode laser the different domains of tilted waves always belong to the same longitudinal mode family (they have different orientation), now sometimes the tilted waves from different domains sometimes can belong to different mode. Typically the tilted wave belonging to the most close to resonance longitudinal mode family survives and dominates the asymptotic regime. The scenarios in general is quite similar to the ones found in single-longitudinal mode models in this simplest case of infinitely extended "pure" laser [34] .
In the case of parabolic resonator mirrors, which correspond to the trapping parabolic potential in transverse domain, the scenario is usually more involved. One can distinguish between the weakly nonlinear regimes occurring for the pump level close above the generation threshold, which essentially are the transverse modes or coupled states of modes of the cavity, Figure 4 the upper row. For the pump values stronger above the generation threshold one observes the "essentially nonlinear" patterns, where the field distributions are different from the superposition of small number of transverse modes. The essentially nonlinear patterns are the domains of tilted waves, Figure 4 , bottom row shows typical pictures of multi-longitudinal mode laser emission, where the transverse modes from different longitudinal mode families lock to the patterns dominated by tilted waves. In this case, due to symmetry a stationary concentric travelling wave pattern is obtained, or sometimes containing a vortex in the middle.
Intracavity modulation
Typically the multi-longitudinal-mode laser does not leads to spectacular differences from the single longitudinal mode cases, since the different longitudinal mode families compete, and most frequently finish with single longitudinal mode. In some cases, however, the multi-longitudinal mode study is more important, for instance, when the refraction index in the cavity is spatially modulated. Spatial modulation can couple the modes from the several longitudinal mode families, and in some cases, especially when the coupling is resonant, this can lead to essentially multilongitudinal-mode. We consider for simplicity a particular case of factorable modulation in transverse and longitudinal directions ε (r) = ε ⊥ (r ⊥ ) · ε || (z). In particular we consider periodic modulation in transverse space, and the arbitrary modulation along the resonator axis. In simplest case it could be considered as diffraction grating in the cavity.
Using the same expansion (3), the (4a) modifies to:
The last right side term is responsible for the coupling between the mode families, where the coupling coefficient matrix is given by:
where the longitudinal mode functions A m (z) ∝ exp (im2πz/L) of unperturbed resonator ε || (z) = 1 are normalized so that Γ ll = 1. can be extended to more complicated cases of the modulated resonances.
Conclusions
In conclusion we have presented an extension of the singlelongitudinal-mode MBE model for the multi-longitudinalmode case. We proofed the derivation by calculation of basic cases: the linear stability analysis, and the simplest tilted-wave and mode patterns. We also provided the hierarchy of multi-longitudinal-mode models, starting from the full MBE, then simplifying it in the case of fast relaxation of polarization (e.g. semiconductor laser models), and finally to multi-longitudinal-mode CGLE and multilongitudinal-mode Lugiato-Lefever model in cases of class-A lasers. Finally, we proposed that the approach can be useful to treat the complicated cases when the intracavity material is modulated on a wavelength scale, which could result in coupling between the longitudinal and transverse modes. This would be a convenient model for a row of new phenomena in the latest situation (laser with intracavity photonic crystal), the situation inaccessible by singlelongitudinal mode models.
